In this paper, a new notion called the general nonuniform (h, k, µ, ν)-dichotomy for a sequence of linear operators is proposed, which occurs in a more natural way and is related to nonuniform hyperbolicity. Then, sufficient criteria are established for the existence of nonuniform (h, k, µ, ν)-dichotomy in terms of appropriate Lyapunov exponents for the sequence of linear operators. Moreover, we investigate the stability theory of sequences of nonuniformly hyperbolic linear operators in Banach spaces, which admit a nonuniform (h, k, µ, ν)-dichotomy. In the case of linear perturbations, we investigate parameter dependence of robustness or roughness of the nonuniform (h, k, µ, ν)-dichotomies and show that the stable and unstable subspaces of nonuniform (h, k, µ, ν)-dichotomies for the linear perturbed system are Lipschitz continuous for the parameters. In the case of nonlinear perturbations, we construct a new version of the Grobman-Hartman theorem and explore the existence of parameter dependence of stable Lipschitz invariant manifolds when the nonlinear perturbation is of Lipschitz type.
Introduction
The classical notion of the uniform exponential dichotomy, essentially introduced in the seminal work of Perron [1] , has been playing a center role in a substantial part of the theory of uniformly hyperbolic dynamical systems. The theory of exponential dichotomies and its applications are widely developed. We refer to the books [2, 3, 4, 5] for more details and references. However, the uniform exponential dichotomy is very stringent for the dynamics and it is of interest and is very important to look for more general types of hyperbolic behavior [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] .
The concept of nonuniform hyperbolicity, describing the theory of continuous or discrete dynamical systems with nonzero Lyapunov exponents, generalizes the classical concept of uniform hyperbolicity and has been widely recognized both in various fields of mathematics and in practical applications [18, 19, 20, 21] . Recently, various different kinds of nonuniform dichotomy are proposed, which are exhibited by a large class of differential or difference equations and closely related to the theory of nonuniform hyperbolicity, e.g. nonuniform exponential dichotomy [6, 8, 9, 10, 11, 16, 17] , nonuniform polynomial dichotomy [13, 22, 23] , ρ-nonuniform exponential dichotomy [24] , nonuniform (µ, ν)-dichotomy [14, 15, 25, 26, 27] , and so on. Moreover, the uniform or nonuniform dichotomy, together with its variants and extensions, is always one of the most important and useful means in the study of the stability theory of the uniform or nonuniform hyperbolic dynamical systems, such as, the roughness in the finite dimensional spaces [2, 7, 26, 28, 29, 30, 31] or in the infinite dimensional spaces [6, 23, 24, 25, 32, 33, 34, 35, 36, 37] , the linearization theory [6, 35, 38, 39, 40, 41, 42, 43, 44] , and the existence of invariant manifolds and their absolute continuity [6, 45, 46, 47, 48, 49, 50] .
In previous studies of uniform or nonuniform dichotomies, the growth rates are always assumed to be the same type of functions. However, the nonuniformly hyperbolic dynamical systems vary greatly in forms and none of the nonuniform dichotomy can well characterize all the nonuniformly hyperbolic dynamics. For example, if we choose some appropriate Lyapunov exponents, then the growth rates may be completely different (see Section 2 below). It is necessary and reasonable to look for more general types of nonuniform dichotomies to explore the dynamics of the nonuniformly hyperbolic dynamical systems.
The nonuniform dichotomy is not only an essential part of the theory of nonuniform hyperbolicity but also an important approach to explore the nonuniform hyperbolicity of dynamical systems. The main novelty of the present work is that we consider a new notion called the generalized nonuniform (h, k, µ, ν)-dichotomy for sequences of nonuniformly hyperbolic linear operators, which not only incorporates the existing notions of the uniform or nonuniform dichotomies as special cases, but also allows the different growth rates in the stable space and unstable space or in the uniform part and nonuniform part with rates of expansion and contraction varying in different manner. Particularly, we will establish a sufficient criterion for sequences of linear operators in block form in a finite-dimensional space to have a nonuniform (h, k, µ, ν)-dichotomy in terms of appropriate Lyapunov exponents in Section 2. It follows from the results in the present paper that the notion of nonuniform (h, k, µ, ν)-dichotomy occurs naturally.
For a nonautonomous discrete dynamics defined by a sequence of linear operators in a Banach space, we investigate the parameter dependence of the roughness of nonuniform (h, k, µ, ν)-dichotomy under sufficiently small linear perturbations in Section 3. With the help of nonuniform (h, k, µ, ν)-dichotomy, we explore the topological conjugacies by establishing a new version of the Grobman-Hartman theorem in Section 4, and, finally, we establish the existence of parameter dependence of stable Lipschitz invariant manifolds. Definition 2.1. A sequence of numbers {u m } m∈Z is said to be a growth rate if · · · < u n < · · · < u −1 < u 0 = 1 < u 1 < · · · < u m < · · · , lim m→+∞ u m = +∞, lim n→−∞ u n = 0.
Nonuniform (h, k, µ, ν)-dichotomies
Denote by ∆ the set of growth rates and always assume that {h m } m∈Z , {k m } m∈Z , {µ m } m∈Z , {ν m } m∈Z ∈ ∆ throughout the paper. Definition 2.2. The sequence of linear operators (A m ) m∈Z is said to have a nonuniform (h, k, µ, ν)-dichotomy if there exist projections P n for n ∈ Z such that
and there exist constants a < 0 ≤ b, ε ≥ 0 and K > 0 such that
where Q n = id −P n are the complementary projections.
Remark 2.1. The nonuniform (h, k, µ, ν)-dichotomy is general enough to include as special cases the uniform exponential dichotomy (h m = k m = e m , ε = 0) [51, 39, 52, 42] ,
Remark 2.2. In [53] , the authors proposed a general dichotomy on N and choose two functions in the stable space and unstable space. While, in Definition 2.2, four different functions for growth rates are chosen in the stable space, the unstable space, the uniform part, and the nonuniform part. Compared with the notion in [53] , Definition 2.2 is more reasonable and occurs in a more natural way, where a and b play the role of Lyapunov exponents and ε measures the nonuniformity of dichotomies. The reason is that, in a finitedimensional space, one can establish a sufficient criterion for sequences of linear operators in block form to have a nonuniform (h, k, µ, ν)-dichotomy in terms of appropriate Lyapunov exponents, and Definition 2.2 can more closely connect the theory of Lyapunov exponents with the theory of nonuniform hyperbolicity. Those facts will be found in the following discussion.
− cos log(ν n ) − log(ν n )(sin log(ν n ) − 1).
It follows that
|n| , m ≤ n which implies that (2.2) admits a nonuniform (h, k, µ, ν)-dichotomy with
In addition to the existing uniform or nonuniform dichotomies, when h, k, µ, ν are chosen to be different sequences, one obtains some new nonuniform dichotomies such as
with ω 1 , ω 2 being positive constants and m ∈ N;
• h m = k m = m + 1 and µ m = ν m = e m ;
• h m = µ m = m + 1 and k m = ν m = e m .
Example 2.1 shows the generality of the nonuniform (h, k, µ, ν)-dichotomy. In the following, we establish some sufficient criteria for the sequences of linear operators in block form in a finite-dimensional space to have a nonuniform (h, k, µ, ν)-dichotomy on N.
Assume that X = R n = E ⊕ F with dim E = l and dim F = n − l. Given a sequence of invertible matrixes {A m } m∈N ⊂ B(X) with A m = diag(C m , D m ) with respect to the above decomposition. Define ϕ,φ : E → [−∞, +∞] and ψ,ψ :
where y ∈ E, z ∈ F ,h m andk m are growth rates, and log 0 = −∞. By carrying out similar arguments to those of Proposition 10.2 in [6] or of Proposition 1 in [22] , we claim that
(ii) ϕ(cy) = ϕ(y),φ(cy) =φ(y), ψ(cz) = ψ(z) andψ(cz) =ψ(z) for y ∈ E, z ∈ F and c ∈ R \ {0};
If (i), (ii) and (iii) hold, (ϕ, ψ) ((φ,ψ)) is said to be the (h, k) ((h,k)) Lyapunov exponent with respect to the linear operators (A m ) m∈N . Let ̺ 1 , · · · , ̺ n and ζ 1 , · · · , ζ n be two bases of R n , they are said to be dual if (̺ i , ζ j ) = ω ij for every i, j, where (·, ·) is the standard inner product in R n and ω ij is the Kronecker symbol. In order to introduce the regularity coefficients of ϕ,φ and ψ,ψ, assume that λ i ,λ i , χ i ,χ i are finite. Define the regularity coefficient of ϕ andφ by
where the minimum is taken over all dual bases δ 1 , · · · , δ l andδ 1 , · · · ,δ l of E. The regularity coefficient of ψ andψ is defined bȳ
where the minimum is taken over all dual bases
Theorem 2.1. Assume that ϕ(y) < 0 for y ∈ E \ {0} and ψ(z) > 0 for z ∈ F \ {0} with λ r < 0 < χ 1 . Then, for any sufficiently smallε > 0, the sequence of linear operators 
l τ e τ with ξ 2 = l τ =1 l 2 τ = 1 and {e 1 , · · · , e l } is the standard orthogonal basis of E. Therefore,
Proceeding similarly to the above arguments, we conclude that there exists a constantK 2 such that
The proof is complete.
In the above discussion, a relatively strong assumption is that A m is of block form. In fact, we can also establish the existence of nonuniform (h, k, µ.ν)-dichotomies for more general sequences of linear operators. For example, let 
It is not difficult to show that if A(m, n) is reducible and B(m, n) admits a nonuniform (h, k, µ, ν)-dichotomy, then A(m, n) also admits a nonuniform (h, k, µ, ν)-dichotomy.
In Theorem 2.1, we note that a sequence of linear operators admit a nonuniform (h, k, µ, ν)-dichotomy if the Lyapunov exponents are negative in E while all Lyapunov exponents are positive in F . This is a rather weaker assumptions. It also shows that the nonuniform (h, k, µ, ν)-dichotomy should exist widely in the sequence of linear operators and occur naturally.
Linear perturbations: roughness
In this section, we consider the roughness or robustness problem for difference equations defined by a sequence of linear operators in a Banach space, or equivalently for a nonautonomous dynamics with discrete time. The principal aim is to show that the (h, k, µ, ν)-dichotomy defined in Section 2 persists under sufficiently small linear perturbations of the original dynamics. In particular, we establish parameter dependence of robustness or roughness of the nonuniform (h, k, µ, ν)-dichotomy in a Banach space X and show that the stable and unstable subspaces of nonuniform (h, k, µ, ν)-dichotomies for the linear perturbed system are Lipschitz continuous in the parameters.
Let
be an open subset of a Banach space (the parameter space) and consider the nonautonomous dynamics with discrete time
and the linear perturbed system with parameters
where
(a 2 ) there exist positive constants c > 0 and ω > 1 such that, for any λ, 
then the sequence of linear operators {A m +B m (λ)} m∈Z also admits a nonuniform (h, k, µ, ν)-dichotomy, i.e., for each λ ∈ Y , there exist projections P n (λ) such that
and
where Q n (λ) = id − P n (λ) are the complementary projections of P n (λ) and
Moreover, if Y is finite-dimensional, then the stable subspace P n (λ)(X) and the unstable subspace Q n (λ)(X) are Lipschitz continuous in λ.
In the following discussion of this section, we assume that the conditions in Theorem 3.1 are always satisfied and the proof of Theorem 3.1 will be completed in several steps.
For each n ∈ Z, define
with the norms
respectively. Then (Ω 1 , · 1 ) and (Ω 2 , · 2 ) are Banach spaces.
Lemma 3.1. For each λ ∈ Y and n ∈ Z, there exists a unique solution
Proof. It is trivial to show that U λ (m, n) m≥n satisfying (3.7) is a solution of (3.2). For each λ ∈ Y , define the operator J
We will show that J λ 1 has a unique fixed point in Ω 1 . In fact, for m ≥ n, one has
Then,
If (3.3) holds, then the operator J λ 1 is a contraction and there exists a unique 
It is time to show that U λ is Lipschitz continuous in λ. It is clear that, for any λ 1 , λ 2 ∈ Y , there exist bounded solutions U λ 1 , U λ 2 ∈ Ω 1 satisfying (3.7). By (a 2 ) and (3.8), we have
for any τ ≥ n. It follows from (3.7) that
Lemma 3.2. For λ ∈ Y and n ∈ Z, there exists a unique solution V λ ∈ Ω 2 of (3.2) satisfying
It follows from (2.1) that
and J λ 2 : Ω 2 → Ω 2 is well-defined. Proceeding in a manner similar to those in (3.10), one has J
2 is a contraction due to (3.3) and then there exists a unique V λ ∈ Ω 2 such that J λ 2 V λ = V λ . Hence (3.9) holds. From (3.9), it follows that
, and m ≥ σ, where Ω σ 2 is obtained from Ω 2 by replacing n with σ. It is
Next we show that V λ is Lipschitz continuous in λ. For any λ 1 , λ 2 ∈ Y , there exist bounded solutions V λ 1 , V λ 2 ∈ Ω 1 satisfying (3.9). It follows from (a 2 ) and (3.11) that
for any τ ≥ n. By (3.9), one has
For λ ∈ Y and m ∈ Z, define
with n = 0 and
with n = 0. For λ ∈ Y , from Lemmas 3.1, 3.2 and 12) it follows that (b 1 ) P m (λ) and Q m (λ) are projections for m ∈ Z;
(3.13)
Our strategy here is to show that, if (z λ m ) m≥n is bounded, then
(3.14)
By (3.13), we have
which proves (3.14). Given ξ ∈ X, for λ ∈ Y , consider the solution z λ m = A λ (m, n) P n (λ)ξ of (3.2) for m ≥ n. By the fact that A λ (m, 0)U λ (0, 0) and U λ (m, 0) are solutions of (3.2), which coincide for m = 0, we have
Then (z λ m ) m≥n is a bounded solution of (3.2) with the initial value z λ n = P n (λ)ξ since U λ (m, 0) is bounded for m ∈ Z. From (3.14), for m ≥ n, it follows that
Moreover,
and P (λ) A λ 1 ≤ K. Therefore, the first inequality holds. By carrying out similar arguments, we claim that, for each λ ∈ Y , if (z 
Note that
i.e., Q(λ) A λ 2 ≤ K, which yields the second inequality.
Next, we construct the projections P m (λ) for λ ∈ Y .
Proof. By(3.12), (b 3 ), and (b 4 ), one has
By (3.6), (3.8) and (3.11), for λ ∈ Y ,
From (3.17)-(3.19), it follows that
For λ ∈ Y and m ∈ Z, set 
Proof. By (b 4 ), for λ ∈ Y , one has
Lemma 3.6. For λ ∈ Y , the following claims hold
Proof. For ξ ∈ X and λ ∈ Y , set
Then, by Lemma 3.5, (z 1 m ) m≥n and (z 2 m ) m≤n are bounded solutions of (3.2). By (3.14) and (3.16), one has
Taking m = n leads to
By Lemma 3.5,
Since P m ≤ Kµ ε |m| and Q m ≤ Kν ε |m| , one has
Therefore, for λ ∈ Y ,
By Lemma 3.5 and Lemma 3.6, (3.5) holds. In order to complete the proof, we only need to show that the stable subspace P λ (X) and the unstable subspace Q λ (X) are Lipschitz continuous in λ.
In fact, from Lemmas 3.1, and 3.2, it follows that U λ and V λ are Lipschitz continuous with respect to λ. Note that A λ is Lipschitz continuous in λ, hence P m (λ) and Q m (λ) are Lipschitz continuous in λ. Moreover, since Y is finite-dimensional, S 0 (λ) and S 
Nonlinear perturbations: Grobman-Hartman theorem
In the nonlinear perturbation theory, the linearization of dynamical systems stands as a fundamental step and as a principle tool in the study of local behavior of a given nonlinear flow. The classical Grobman-Hartman theorem, as the well-known linearization theorem, states that, around a hyperbolic fixed point, the map or the flow of a nonlinear dynamical system is topologically conjugate to the corresponding linear map or flow in some open neighborhood of the origin, that is, there exits a homeomorphism such that both maps or flows can be transformed into each other. In this section, with the help of nonuniform (h, k, µ, ν)-dichotomy, we devote to establishing a new version of the Grobman-Hartman theorem for a very general nonuniformly hyperbolic linear operators under nonlinear perturbations.
To facilitate the discussion below, define
there exist positive constants l 1 ∈ R and ω 1 ∈ Z such that any interval of length l 1 of R contains at most ω 1 elements of {1/u m } m∈Z    ,
there exist positive constants l 2 ∈ R and ω 2 ∈ Z such that any interval of length l 2 of R contains at most ω 2 elements of {u m } m∈Z    .
For any constantl < −1, n, m ∈ Z, l 1 = 1 and l 2 = u n , one has
where ζl := ∞ τ =1 τl. Consider the nonlinear perturbed system of (3.1) (c 2 ) there exist positive constantsα,γ such that, for any x, x 1 , x 2 ∈ X and m ∈ Z,
Then (4.3) is topologically equivalent to (3.1) and the equivalent operators H m satisfy
In the rest of this section, we always assume that (c 1 )-(c 3 ) are satisfied. Let X m (n, x n ) be the solution of (4.3) with X n = x n and Y m (n, y n ) be the solution of (3.1) with Y n = y n . We first prove some auxiliary results.
has a unique bounded solution (h m (m, ξ)) m∈Z and
has a unique bounded solution (l m (m, ξ)) m∈Z and
Proof. Direct calculations show that
is a solution of (4.5). By (4.4), for any m ∈ Z, one has
Since the sequence of linear operators (A m ) m∈Z admits a nonuniform (h, k, µ, ν)-dichotomy on Z, (h m (m, ξ)) m∈Z is the unique bounded solution of (4.5).
Set
where z := sup m∈Z z m . It is not difficult to show that (Ω 3 , · ) is a Banach space. Define an operator J on Ω 3 by
By (c 2 ) and (c 3 ), for any z, z 1 , z 2 ∈ Ω 3 and m ∈ Z, one has
which imply that J(Ω 3 ) ⊂ Ω 3 and J is a contraction. Therefore, J has a unique fixed point (l m ) m∈Z , i.e.,
which is a bounded solution of (4.6). Next, we prove that (l m (m, ξ)) m∈Z is unique in X. Assume that there is another bounded solution (l 0 m (m, ξ)) m∈Z of (4.6), which is written as
Proceeding in a manner similar to the above arguments, we have
Then, by (c 3 ), one has l m ≡ l 0 m for m ∈ Z. Therefore, (l m (m, ξ)) m∈Z is the unique bounded solution of (4.6) with
Lemma 4.2. Let (x m ) m∈Z be any solution of (4.3). Then z m ≡ 0 is the unique bounded solution of
Proof. It is obvious that z m ≡ 0 is a bounded solution of (4.7). Next we show that z m ≡ 0 is unique. Assume that (z 0 m ) m∈Z is any bounded solution of (4.7), then (z
and then
Define the operators
Lemma 4.3. The following claims hold:
(e 1 ) for any fixed (m, xm) ∈ Z × X, H m (X m (m, xm)) is a solution of (3.1); m, ym) ) is a solution of (4.3);
(e 3 ) for any fixed m ∈ Z and y ∈ X, H m (L m (y)) = y holds;
(e 4 ) for any fixed m ∈ Z and x ∈ X, L m (H m (x)) = x holds.
Proof. From (d 1 ) and (d 2 ) of Lemma 4.1, it follows that m, ym) ) m∈Z , and l m (m, ym)) m∈Z are solutions of (4.3), (4.5), (3.1), and (4.6), respectively, it follows that
Hence, (e 1 ) and (e 2 ) hold.
Let (y m ) m∈Z be any solution of (3.1) and (x m ) m∈Z be any solution of (4.3). It follows from (e 1 ) and (e 2 ) that (L m (y m )) m∈Z and (L m (H m (x m ))) m∈Z are solutions of (4.3), (H m (L m (y m ))) m∈Z and (H m (x m )) m∈Z are solutions of (3.1). Then
Moveover, In order to establish Theorem 4.1, we only need to verify that (H m ) m∈Z are topologically equivalent operators. In fact,
• Condition (i): it follows from (4.8) and (d 1 ) of Lemma 4.1 that
Then H m (x) → ∞ uniformly with respect to m ∈ Z as x → ∞;
• Condition (ii): by (e 3 ) and (e 4 ) of Lemma 4.3, for each fixed m ∈ Z, H m = L −1 m is homeomorphism;
• Condition (iii): by (4.8), for any m ∈ Z,
This implies that L m (y) → ∞ uniformly with respect to m ∈ Z as y → ∞;
• Condition (iv): it follows from Lemma 4.3 that the condition (iv) holds.
Nonlinear perturbations: parameter dependence of stable Lipschitz invariant manifolds
It has been widely recognized that, both in mathematics and in application, the classical theory of invariant manifolds provides the geometric structures for describing and understanding the qualitative behavior of nonlinear dynamical systems. In this section, we establish the existence of parameter dependence of stable Lipschitz invariant manifolds for sufficiently small nonlinear perturbations of (3.1) with the nonuniform (h, k, µ, ν)-dichotomy. Since here we only consider the case of stable invariant manifold, then we only need to carry out the discussion on Z + . Consider the nonlinear perturbed system with the parameters of (3.1)
where f m : X × Y → X and f m (0, λ) = 0 for any m ∈ Z + and λ ∈ Y . In order to establish the existence of stable invariant manifolds and for convenience of the discussion, we rewrite the nonuniform (h, k, µ, ν)-dichotomy in the following equivalent form
for m ≥ n and define the stable and unstable spaces by
and B n (̺) ⊂ E n be the open ball centered at zero with radius ̺ for a given n ∈ Z + . Denote by X the space of sequences of operators Φ n :
for any n ∈ Z + and ξ 1 , ξ 2 ∈ B n (β −ε n ), where
and η is a positive constant. It is not difficult to show that X is a Banach space with the norm
On the other hand, let X * be the space of sequences of operators Φ n : Z + × X → X such that Φ| Z β ∈ X and Φ n (ξ) = Φ n β −ε n ξ/ ξ , (n, ξ) ∈ Z β . It is clear that there is a one-to-one correspondence between X and X * and X * is a Banach space with the norm X * ∋ Φ → |Φ|Z β | ′ . For n ∈ Z + and ξ 1 , ξ 2 ∈ E n , one has
For λ ∈ Y and (n, u n , v n ) ∈ Z + × E n × F n , consider the graph
We now establish the existence of a stable Lipschitz invariant manifold for (5.1).
Theorem 5.1. Assume that (g 1 ) there exist positive constantsĉ and q such that
for any m ∈ Z + , x, x 1 , x 2 ∈ X and λ, λ 1 , λ 2 ∈ Y ; Ifĉ in (5.10) and (5.11) is sufficiently small, then, for each λ ∈ Y , for any (n, ξ), (n, ξ 1 ), (n, ξ 2 ) ∈ Z β·µ (2K) and κ = m − n ≥ 0, there exist a unique sequence of operators Φ n = Φ λ n ∈ X and a constant d > 0 such that
Moreover, there exists a constant d * > 0 such that
for any λ 1 , λ 2 ∈ Y .
Proof. We first prove that, for each (n, ξ, Φ, λ) ∈ Z β ×X * ×Y , there exists a unique sequence of operators u = u Φ,λ ξ : Z + → X with u n = ξ such that (5.8) holds for any m ≥ n and
Then Ω 3 is a Banach space with the norm · * . Given (n, ξ) ∈ Z β and Φ ∈ X * , for each
Obviously, L λ u n = ξ and L λ u m ∈ E m for m ≥ n. By (5.10) and (5.2), one has
Hence, L λ (Ω 3 ) ⊂ Ω 3 sinceĉ is sufficiently small and one can take aĉ such that 6 q+1ĉ K q+1 < 1. Moreover, for any u 1 , u 2 ∈ Ω 3 , it follows that
Sinceĉ is sufficiently small, takeĉ such that 6 q+1ĉ K q+1 < 1, then L λ is a contraction in Ω 3 and there exists a unique sequence of operators
, it is not difficult to show that, for any m ≥ n,
Next we study the properties of the unique sequence of operators u = u
for i = 1, 2 and (n, ξ 1 ), (n, ξ 2 ) ∈ Z β . By (5.5) and (5.10), one has
with K 1 = K/(1 − 6 q+1ĉ K q+1 ) ifĉ is sufficiently small. For each λ ∈ Y and each (n, ξ) ∈ Z β , write u i = u Then
with K 2 = 4 · 6 qĉ K q+2 /(1 − 6 q+1ĉ K q+1 ). In order to establish the existence and uniqueness of the sequence of operators Φ n = Φ λ n ∈ X satisfying (5.9) for each given λ ∈ Y , we will prove that, ifĉ is sufficiently small and Φ n ∈ X * , then one has the following claims: 
where h ′ = 2 · 3 q+1 K 2ĉ , which implies that, ifĉ is sufficiently small, then 
